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Abstract
The classical theorem of Zareckiı˘ about regular relations is slightly extended and an intrinsic
characterization of regularity is given. Based on the extended Zareckiı˘ theorem and the intrinsic
characterization of regularity, we give a characterization of the strict complete regularity of ordered
spaces by means of a certain regular relation between the closed and the open upper sets. As an
application, it is shown that a quasicontinuous domain endowed with the Lawson topology is strictly
completely regular, provided that the Lawson-open lower sets are contained in the lower topology.
By means of regular relations we present a new proof of the strict Tychonoff embedding theorem for
strictly completely regular ordered spaces.
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In [14] Zareckiı˘ proved the following remarkable result: a binary relation ρ on a set X is
regular if and only if the complete lattice of all images of ρ under the order of set inclusion
is completely distributive. Further criteria for regularity were given by Markowsky [7] and
Schein [11] (see also Bandelt [1]).
In this paper we slightly extend Zareckiı˘’s theorem and give an intrinsic characterization
of regularity. Based on the extended Zareckiı˘ theorem and the intrinsic characterization of
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regularity, we give a characterization of the strict complete regularity of ordered spaces
by means of a certain regular relation between the closed and the open upper sets. As an
application, it is shown that a quasicontinuous domain endowed with the Lawson topology
is strictly completely regular, provided that the Lawson-open lower sets are contained in
the lower topology.
For strictly completely regular ordered spaces, a certain Tychonoff embedding theorem
has been established (see Lawson [6], for example). In the paper, we present a new proof
of the strict Tychonoff embedding theorem by means of regular relations.
1. Preliminaries
For all sets X, let X(<ω) = {F ⊆X: F is finite}. For a poset P,x ∈ P , and A⊆ P , let
↑x = {y ∈ P : x  y}, ↑A=⋃a∈A↑a; dually define ↓x and ↓A. The topology generated
by the collection of sets P \ ↓x (as subbasic open subsets) is called the upper topology
on P and denoted by υ(P ); dually define the lower topology ω(P) on P . The topology
θ(P ) = ω(P) ∨ υ(P ) is called the interval topology on P . In this paper the unit closed
interval [0,1] is always endowed with the interval topology. For a topology δ on P , let
CM((P, δ), [0,1])= {f : (P, δ)→[0,1] | f is monotone and continuous}. For a topology
η on a set X, the set of all closed subsets of X is denoted by ηc, i.e., ηc = {X \U : U ∈ η}.
If X is a poset, then define η↑ = {U ∈ η: U = ↑U} and ηc↑ = {U ∈ ηc: U = ↑U}. The
families η↓ and ηc↓ are defined in the similar way.
For two posets P1 and P2, the symbol P1 ∼= P2 stands for the statement that P1 is
isomorphic to P2. A map f :P1 → P2 is called an order embedding if for all x, y ∈ P1,
f (x) f (y)⇐⇒ x  y . For a poset P , let D(P )= {D ⊆ P : D is directed}. P is called
a domain (or a dcpo) if ∀D ∈ D(P ), ∨D exists in P . When P is a domain, we can
define a binary relation  on P , called the way below relation on P , by x y⇐⇒∀D ∈
D(P ), y ∨D ⇒ x  d for some d ∈ D. Let ⇓x = {u ∈ P : u x}. P is called a
continuous domain if for each x ∈ P,⇓x is directed and x =∨⇓x .
For a domain P , we can define a topology σ(P ), called the Scott topology on P ,
by U ∈ σ(P )⇐⇒ U = ↑U and ∀D ∈ D(P ), ∨D ∈ U ⇒ D ∩ U = ∅. The topology
λ(P )= ω(P) ∨ σ(P ) is called the Lawson topology on P .
By [2, Proposition III-1.6 and Exercise III-3.20] we get the following:
Lemma 1.1. Let P be a domain. Then λ(P )↑ = σ(P ). If P is a complete lattice, then
θ(P )↑ = υ(P ) and λ(P )↓ = θ(P )↓ = ω(P).
For a complete lattice L and S ⊆ L, we say that S is a complete sublattice of L if for all
A⊆ S,∨LA ∈ S and∧LA ∈ S.
One can readily verify the following:
Lemma 1.2. Let L be a complete lattice and S ⊆ L. If S is a complete sublattice of L, then
the interval topology on S (with the induced order of P ) is the subspace topology of θ(L),
i.e., θ(S)= {U ∩ S: U ∈ θ(L)}.
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Definition 1.3. A complete lattice L is called completely distributive if the following
condition holds for all {xij : j ∈ Ji, i ∈ I } ⊆ L:∧
i∈I
∨
j∈Ji
xij =
∨
ϕ∈∏Ji
∧
i∈I
xiϕ(i).
The following result is well known (see [2,12] or [9,10]).
Theorem 1.4. Let L be a completely distributive lattice. Then L can be embedded into a
cube [0,1]X via a complete lattice homomorphism.
2. Regular relations and completely distributive lattices
For two sets X and Y , we call ρ a binary relation between X and Y , written ρ :X⇀Y ,
if ρ ⊆ X × Y . When X = Y , ρ is usually called a binary relation on X. Let Rel(X,Y )
denote the set of all binary relations between X and Y . For ρ :X⇀ Y , we also write xρy
for (x, y) ∈ ρ. If τ :Y ⇀Z, then we can define τ ◦ ρ = {(x, z) ∈X×Z: ∃y ∈ Y with xρy
and yτz}. The relation τ ◦ ρ :X⇀Z is called the composition of ρ and τ .
For a binary relation ρ :X⇀ Y and A⊆X, define ρ(A)= {y ∈ Y : ∃a ∈ A with aρy},
called the image of A under ρ. Let Φρ(X) = {ρ(A): A ⊆ X}. Clearly, (Φρ(X),⊆) is a
complete lattice in which the join operation ∨ is the set union operator ⋃. But the meet
operation
∧
in (Φρ(X),⊆) is not the set intersection operator⋂ in general.
For a set X, it is easy to see that (Rel(X,X),◦) is a semigroup with the unit (X) =
{(x, x): x ∈ X}. A binary relation ρ on X is called regular if ρ is a regular element in
the semigroup (Rel(X,X),◦), i.e., ∃σ ∈Rel(X,X) with ρ ◦ σ ◦ ρ = ρ. This motivates the
following
Definition 2.1. A binary relation ρ :X ⇀ Y is called regular if ∃σ :Y ⇀ X such that
ρ ◦ σ ◦ ρ = ρ.
Example 2.2.
(1) The relation ∈ between a set X and its powerset P(X) is regular. In fact, define a
binary relation σ :P(X)⇀X by Aσa⇐⇒A= {a}. Then ∈ ◦σ◦ ∈=∈.
(2) Every mapping f :X→ Y is regular when it is regarded as a binary relation between
X and Y . In fact, define a binary relation τ :Y ⇀ X by yτx ⇐⇒ y = f (x). Then
f ◦ τ ◦ f = f .
In [14] Zareckiı˘ proved the following remarkable result.
Theorem 2.3 (Zareckiı˘). For a binary relation ρ on a set X, the following two conditions
are equivalent:
(1) ρ is regular;
(2) (Φρ(X),⊆) is a completely distributive lattice.
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In the following we slightly extend Zareckiı˘’s theorem.Theorem 2.4. For a binary relation ρ :X⇀Y , the following three conditions are equiva-
lent:
(1) ρ is regular;
(2) ∀(x, y) ∈X× Y,xρy ⇒∃(u, v) ∈X× Y such that
(a) xρv,uρy , and
(b) ∀(s, t) ∈X× Y, sρv and uρt ⇒ sρt ;
(3) (Φρ(X),⊆) is a completely distributive lattice.
Proof. The corresponding proofs for the case Y = X in [1,11,14] can be carried over to
this extended setting. ✷
We call condition (2) in the theorem above the intrinsic characterization of regularity.
For a complete lattice (L,), let ρ =. Then ∀A⊆ L,  (A)= {y ∈ L: ∃a ∈ A with
a  y} = L\↑∨A. This yields (Φρ(L),⊆)= ({L\↑x: x ∈ L},⊆)∼= L. By Theorem 2.4
we get the following
Corollary 2.5 (Bandelt [1], Raney [10]). For a complete lattice (L,), the following three
conditions are equivalent:
(1) (L,) is completely distributive;
(2) the relation  on L is regular;
(3) ∀x, y ∈ L,x  y ⇒∃u,v ∈L such that
(a) x  v,u y , and
(b) ∀z ∈ L,u z or z v.
3. Regular relations and strictly completely regular ordered spaces
For a poset (P,) and a topology δ on P , the triple (P,, δ) is called a partially
ordered topological space. We customarily denote (P,, δ) simply by (P, δ) and call it
an ordered space for short. The partial order  on P is called semiclosed if ↓x and ↑x are
closed in (P, δ) for each x ∈ P . We call (P, δ) a pospace if the relation  is closed in the
product space (P, δ)× (P, δ).
For the concepts in Definitions 3.1, 3.2 and 3.3, please refer to [2,6,8].
Definition 3.1. An ordered space (P, δ) is said to be monotone normal if ∀(A,B) ∈
δc↑ × δc↓ with A∩B = ∅,∃(U,V ) ∈ δc↑ × δc↓ such that A⊆U,B ⊆ V , and U ∩ V = ∅.
Definition 3.2. Let (P, δ) be an ordered space and A⊆ P .
(1) A is called order convex if A=↑A∩ ↓A.
(2) (P, δ) is called locally order convex if it has a basis of open convex subsets.
(3) (P, δ) is called strongly order convex if δ↑ ∪ δ↓ is a subbasis of δ.
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Clearly, strong order convexity ⇒ local order convexity.Definition 3.3. An ordered space (P, δ) is called strictly completely regular if
(1) the partial order  on P is semiclosed,
(2) (P, δ) is strongly order convex, and
(3) given a nonempty closed lower (respectively upper) set A and a point x /∈ A, there
exists a monotone continuous function f : (P, δ)→ [0,1] such that f (A) = {0} and
f (x)= 1 (respectively f (A)= {1} and f (x)= 0).
The following result is known (see [2,6]).
Proposition 3.4. Let (P, δ) be an ordered space. Then
(1) If (P, δ) is strongly ordered convex and monotone normal and the relation  is
semiclosed, then (P, δ) is strictly completely regular.
(2) If (P, δ) is a compact pospace, then (P, δ) is monotone normal and strongly ordered
convex. Therefore, (P, δ) is strictly completely regular.
Using regular relations we give a characterization of strictly complete regularity.
Theorem 3.5. Let (P, δ) be a strongly order convex ordered space for which the partial
order  is semiclosed. Then the following two conditions are equivalent:
(1) (P, δ) is strictly completely regular;
(2) there exists a regular relation ρ : δc↑ ⇀ δ↑ which satisfies the following three
conditions:
(α) AρU ⇒A⊆U ,
(β) ∀(x,A) ∈ P × δc↑, x /∈A⇒AρP \ ↓x , and
(γ ) ∀(x,U) ∈ P × δ↑, x ∈U ⇒↑xρU .
Proof. (1) ⇒ (2): Define a binary relation ρ : δc↑⇀δ↑ by
AρU ⇐⇒∃f ∈CM
(
(P, δ), [0,1]) with f (A)⊆ {1} and f (P \U)⊆ {0}. (∗)
Then ρ satisfies the condition (α). By the strictly complete regularity of (P, δ), one can
easily verify that ρ satisfies the conditions (β) and (γ ).
Now we show that ρ satisfies condition (2) in Theorem 2.4. ∀(A,U) ∈ δc↑×δ↑, if AρU ,
then ∃f ∈ CM((P, δ), [0,1]) with f (A)⊆ {1} and f (P \U)⊆ {0}. Let V = f−1(( 12 ,1])
and B = f−1([ 14 ,1]). Then V ∈ δ↑ and B ∈ δc↑. Define two monotone continuous
functions g1, g2 : [0,1]→ [0,1] by
g1(z)=
{
0 if 0 x < 12 ,
2x − 1 otherwise, (1)
g2(z)=
{
4x if 0 x < 14 ,
1 otherwise. (2)
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Let h1 = g1 ◦ f : (P, δ)→ [0,1] and h2 = g2 ◦ f : (P, δ)→ [0,1]. Then h1 and h2 are
monotone continuous. Clearly, h1(A) ⊆ {1}, h1(P \ V ) ⊆ {0}, h2(B) ⊆ {1} and h2(P \
U)⊆ {0}. Thus we get
(a) AρV and BρU .
For (C,W) ∈ δc↑×δ↑, ifCρV andBρW , thenB ⊆W and ∃h ∈ CM((P, δ), [0,1])with
h(C)⊆ {1} and h(P \ V )⊆ {0}. It follows that h(P \W) ⊆ h(P \ B)⊆ h(P \ V )⊆ {0}.
This yields CρW . Thus
(b) ∀(C,W) ∈ δc↑ × δ↑, CρV and BρW ⇒ CρW .
From the conditions (a) and (b) we know that ρ satisfies condition (2) in Theorem 2.4.
By Theorem 2.4, ρ is regular.
(2) ⇒ (1): First we show that ρ satisfies the following property:
(6) AρU ⇒∃(B,V ) ∈ δc↑ × δ↑ with AρV,V ⊆ B , and BρU .
In fact, by the regularity of ρ and Theorem 2.4, there is a (B,V ) ∈ δc↑ × δ↑ such that
1◦ AρV,BρU , and
2◦ ∀(C,W) ∈ δc↑ × δ↑,CρV and BρW ⇒ CρW .
If V ⊆ B , then ∃v ∈ V \B . Let C = ↑v and W = P \ ↓v. Then by the conditions (β) and
(γ ) in (2), we have BρW and CρV . By the condition 2◦ we get CρW . It follows from the
condition (α) in (2) that C =↑v ⊆W = P \ ↓v, which is a contradiction. Whence V ⊆ B .
Therefore AρV,V ⊆ B and BρU .
Now we show that (P, δ) satisfies condition (3) in Definition 3.3. Suppose that x ∈ P ,
A ∈ δc↑ ∪ δc↓ \ {∅}, and x /∈A.
Case 1: A = ↓A. Let U = P \ A. Then by the condition (γ ) in (2), ↑xρU . Let Q
be the set of rational numbers in [0,1]. Then by the property (6), there exists a family
{(Br ,Ur): r ∈Q} ⊆ δc↑ × δ↑ with
1◦ B1 =↑x , U0 =U , and
2◦ Ur ⊆ Br for all r ∈Q, and
3◦ ∀s, t ∈Q,s < t ⇒ BtρUs .
Define a map f : (P, δ)→[0,1] by
f (z)=
{
sup{r ∈Q: z ∈ Ur } if z ∈U0 = P \A,
0 otherwise. (3)
Then f is monotone and f (x)= 1, f (A)= {0}. We show that f is continuous. For each
α ∈Q \ {0} and β ∈Q \ {1}, we have
f−1
([0, α))= {z ∈X: f (z) < α}= ⋃
r∈Q,r<α
(P \Br), and
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f−1
(
(β,1])= {z ∈X: f (z) > β}= ⋃ Uq.q∈Q,q<α
Consequently, f : (P, δ)→[0,1] is continuous.
Case 2: A = ↑A. Let V = P \ ↓x . Then by the condition (β) in (2), AρV . Carrying
the proof in Case 1 over to this case (replacing ↑x with A and U with V ), we can get
a monotone continuous function g : (P, δ)→ [0,1] with g(A) ⊆ {1} and g(x) = 0. Thus
(P, δ) is strictly completely regular. ✷
When the partial order  is the discrete order we get the following
Corollary 3.6. Let (X,T ) be a T1 topological space. Then the following two conditions
are equivalent:
(1) (X,T ) is completely regular;
(2) there exists a regular relation ρ :T c ⇀ T which satisfies the following three
conditions:
(α) AρU ⇒A⊆U ,
(β) ∀(x,A) ∈X× T c, x /∈A⇒AρX \ {x}, and
(γ ) ∀(x,U) ∈X× T , x ∈U ⇒ {x}ρU .
In what follows we give an application of Theorem 3.5. In [6] Lawson has proposed the
following
Problem. Let P be a continuous domain. Is (P,λ(P )) a strictly completely regular ordered
space?
We show that a quasicontinuous domain (see Definition 3.7 below), which are weaker
than continuous domains, endowed with the Lawson topology is strictly completely
regular, provided that the Lawson-open lower sets are contained in the lower topology.
Definition 3.7. Let P be a domain and A,B ⊆ P .
(1) We sayA is way belowB , writtenA B , if ∀D ∈D(P ),∨D ∈ ↑B ⇒D∩↑A = ∅.
A {x} is written A x for short. Let w(x)= {F ∈ P (<ω): F  x}.
(2) P is called a quasicontinuous domain if for each x ∈ P , ↑x =⋂{↑F : F ∈w(x)} and
the family {↑F : F ∈ w(x)} is filtered. A quasicontinuous complete lattice is usually
called a generalized continuous lattice (see [3]).
It is known that continuous domains are quasicontinuous (see [4]).
Lemma 3.8 (Gierz et al. [4], Heckmann [5]). For a domain P , the following conditions are
equivalent:
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(1) P is quasicontinuous;
(2) ∀x ∈ P , U ∈ σ(P ), x ∈ U ⇒∃F ∈ P (<ω) with x ∈ intσ(P )↑F ⊆↑F ⊆U ;
(3) For all compact upper sets K of (P,σ (P )) and U ∈ σ(P ), K ⊆ U ⇒ ∃F ∈
P (<ω) with K ⊆ intσ(P )↑F ⊆↑F ⊆U .
For a quasicontinuous domain P , define a binary relation ρ :λ(P )c↑ ⇀λ(P)↑ by
AρU ⇐⇒∃F ∈ P (<ω) with A⊆ intσ(P ) ↑F ⊆↑F ⊆U.
Then
1◦ AρU ⇒A⊆U .
2◦ if all lower Lawson open subsets of P are open in (P,ω(P )) (i.e., λ(P )↓ = ω(P)),
then ∀(x,A) ∈ P × λ(P )c↑, x /∈A⇒AρP \ ↓x .
In fact, if A ∈ λ(P )c↑ and x /∈ A, then by the hypothesis λ(P )↓ = ω(P), ∃G ∈ P (<ω)
with A ⊆ ↑G and x /∈ ↑G (i.e., ↑G ⊆ P \ ↓x). Since ↑G is compact in (P,σ (P )),
Lemma 3.8 yields an F ∈ P (<ω) with A ⊆ ↑G ⊆ intσ(P ) ↑F ⊆ ↑F ⊆ P \ ↓x . Hence
(A,P \ ↓x) ∈ ρ.
3◦ ∀(x,U) ∈ P × λ(P )↑, x ∈U ⇒↑xρU (by Lemma 3.8).
4◦ ρ is regular.
We show that ρ satisfies condition (2) in Theorem 2.4. ∀(A,U) ∈ λ(P )c↑ × λ(P )↑,
if AρU , then ∃F ∈ P (<ω) with A ⊆ intσ(P ) ↑F ⊆ ↑F ⊆ U . By Lemma 3.8, ∃G ∈ P (<ω)
with ↑F ⊆ intσ(P ) ↑G⊆↑G⊆U . Let V = intσ(P ) ↑G and B =↑G. Then
(a) AρV and BρU (by Lemma 3.8).
For (C,W) ∈ λ(P )c↑ × λ(P )↑, if CρV and BρW , then there is some H ∈ P (<ω) with
C ⊆ intσ(P ) ↑H ⊆↑H ⊆ V ⊆ B ⊆W . This yields CρW . Thus we get
(b) ∀(C,W) ∈ λ(P )c↑ × λ(P )↑, CρV and BρW ⇒CρW .
It follows that F ρ satisfies condition (2) in Theorem 2.4. By Theorem 2.4, ρ is regular.
By 1◦–4◦ and Theorem 3.5 we get the following
Theorem 3.9. Let P be a quasicontinuous domain. If λ(P )↓ = ω(P), then (P,λ(P )) is
strictly completely regular.
Corollary 3.10 (Xu [13]). For a continuous domain P with λ(P )↓ = ω(P), (P,λ(P )) is
strictly completely regular.
4. Strict Tychonoff embedding theorem
Definition 4.1. Let (P, δ) and (Q,η) be ordered spaces.
(1) A monotone mapping f : (P, δ)→ (Q,η) is called a strictly topological embedding if
(a) f is an order embedding,
(b) f is a topological embedding, and
(c) ∀U ∈ δ↑ (respectively U ∈ δ↓), ∃V ∈ η↑ (respectively V ∈ η↓) with f (U) =
V ∩ f (P ).
In that case, we say that (P, δ) can be strictly topologically embedded into (Q,η).
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(2) For a subset S of P with the induced order and a topology γ on S, (S, γ ) is called
a strict subspace of (P, δ) if the inclusion map iS : (S, γ ) → (P, δ) is a strictly
topological embedding.
Obviously, the condition (c) in Definition 4.1(1) is equivalent to the following (dual)
condition
(c′) ∀A ∈ δc↑ (respectively A ∈ δc↓), ∃B ∈ ηc↑ (respectively B ∈ ηc↓) such that
f (A)= B ∩ f (P ).
Remark 4.2. Let (P, δ) and (Q,η) be ordered spaces and let f :P → Q be an order
embedding. If (P, δ) is strongly order convex and f : (P, δ)→ (Q,η) is continuous and
satisfies the condition (c) in Definition 4.1(1), then f is a topological embedding.
Proof. We only need to show that for each G ∈ δ, there exists a H ∈ η with f (G) =
H ∩ f (P ). By the strong order convexity of (P, δ), ∃{(Ui,U†i ): i ∈ I } ⊆ δ↑ × δ↓ with
G = ⋃i∈I (Ui ∩ U†i ). For each i ∈ I , by the condition (c), ∃(Vi,V †i ) ∈ η↑ × η↓ with
f (Ui)= Vi ∩f (P ) and f (U†i )= V †i ∩f (P ). Let H =
⋃
i∈I (Vi ∩V †i ). Then H ∈ η. Since
f :P →Q is an order embedding, we have f (G) = f (⋃i∈I (Ui ∩ U†i )) =⋃i∈I f (Ui ∩
U
†
i )=
⋃
i∈I (f (Ui)∩ f (U†i ))=
⋃
i∈I (Vi ∩ V †i )∩ f (P )=H ∩ f (P ). ✷
Lemma 4.3. Let L1 and L2 be two complete lattices and let f :L1 → L2 be an order
embedding. If f is a complete lattice homomorphism, then f : (L1, θ(L1))→ (L2, θ(L2))
is a strictly topological embedding.
Proof. Let S = f (L1). Then under the induced order of L2, S is a complete sublattice
of L2. Clearly, the mapping fS :L1 → S,fS(x) = f (x), is an lattice isomorphism. It
follows that fS : (L1, θ(L1)) → (S, θ(S)) is a homeomorphism. By Lemma 1.2, the
inclusion map iS : (S, θ(S)) → (L2, θ(L2)) is a topological embedding. Whence f =
iS ◦ fS : (L1, θ(L1)) → (L2, θ(L2)) is a topological embedding. Now we check the
condition (c) in Definition 4.1(1). For U ∈ θ(L1)↑ (respectively for U ∈ θ(L1)↓), by
Lemma 1.1, we have U ∈ υ(L1) (respectively U ∈ ω(L1)). Hence ∃F ⊆ P (<ω) with
U =⋃F∈F (L1 \ ↓F) (respectively U =⋃F∈F (L1 \ ↑F)). Let V =⋃F∈F (L2 \ ↓f (F ))
(respectively V = ⋃F∈F (L2 \ ↑f (F ))). Then V ∈ υ(L2) (respectively V ∈ ω(L2)).
Since f is an order embedding, we have that f (L1 \ ↓F) = (L2 \ ↓f (F )) ∩ f (L1)
(respectively f (L1 \↑F)= (L2 \↑f (F ))∩f (L1)). This yields f (U)= V ∩f (L1). Thus
f : (L1, θ(L1))→ (L2, θ(L2)) satisfies the condition (c) in Definition 4.1(1). ✷
Proposition 4.4. Let (P, δ) be an ordered space and let (S, γ ) be a strict subspace of
(P, δ). If (P, δ) is strictly completely regular, then so is (S, γ ).
Proof. Clearly, (S, γ ) is strongly order convex. ∀x ∈ S, we have ↑Sx = S ∩ ↑P x and
↓Sx = S ∩↓P x . Since (S, γ ) is a strict subspace of (P, δ) and (P, δ) is strictly completely
regular, ↑Sx and ↓Sx are closed in (S, γ ), i.e., the partial order  on S is semiclosed.
Now we show that (S, γ ) satisfies condition (3) in Definition 3.3. Suppose that x ∈ S
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and A ∈ γ c↓ (respectively A ∈ γ c↑) with x /∈ A. Since (S, γ ) is a strict subspace of
(P, δ), there is a B ∈ δc↓ (respectively B ∈ δc↑) with A= B ∩ S. By the strictly complete
regularity of (P, δ), there exists a monotone continuous function f : (P, δ)→ [0,1] such
that f (B) ⊆ {0} and f (x)= 1 (respectively f (B) ⊆ {1} and f (x) = 0). Let g = f |S be
the restriction of f to S. Then g : (S, γ )→[0,1] is monotone continuous and g(A)⊆ {0}
and g(x) = 1 (respectively g(A) ⊆ {1} and g(x) = 0). Thus (S, γ ) is strictly completely
regular. ✷
For strictly completely regular ordered spaces, a certain Tychonoff embedding theorem
has been established (see Lawson [6], for example). In the following, we present a new
proof of the strict Tychonoff embedding theorem for strictly completely regular ordered
spaces by means of a certain regular relation between the closed and the open upper sets.
Theorem 4.5 (Strict Tychonoff Embedding Theorem). For an ordered space (P, δ), the
following conditions are equivalent:
(1) (P, δ) is strictly completely regular;
(2) (P, δ) can be strictly topologically embedded into a cube [0,1]X;
(3) (P, δ) can be strictly topologically embedded into a compact pospace.
Proof. (1) ⇒ (2): Suppose that (P, δ) is strictly completely regular. Define a binary
relation ρ : δc↑⇀δ↑ by (∗), i.e.,
AρU ⇐⇒∃f ∈CM
(
(P, δ)→[0,1]) with f (A)⊆ {1} and f (P \U)⊆ {0}.
Then by the proof of Theorem 3.5, ρ satisfies the following four conditions:
(a) AρU ⇒A⊆ U .
(b) ∀(x,A) ∈ P × δc↑, x /∈A⇒AρP \ ↓x .
(c) ∀(x,U) ∈ P × δ↑, x ∈ U ⇒↑xρU .
(d) ρ is regular.
Let L= (Φρ(δc↑),⊆). Then by Theorem 2.4, L is a completely distributive lattice. Define
a mapping g : (P, δ)→ (L, θ(L)) by
g(x)= ρ(↑x)= {U ∈ δ↑: x ∈U} (by (a) and (c)). (4)
Then
(i) g is an order embedding.
In fact, ∀x, y ∈ P , if x  y , then g(x) ⊆ g(y). On the other hand, if x  y , then
x ∈ P \ ↓y ∈ δ↑. This yields P \ ↓y ∈ g(x) \ g(y). Thus x  y⇐⇒ g(x)⊆ g(y).
(ii) g is continuous.
For A ⊆ δc↑, we first prove that g−1(L \ ↓ρ(A)) = {p ∈ P : ρ(↑p) ⊆ ρ(A)} ∈ δ. If
x ∈ g−1(L \ ↓ρ(A)), then there is a U ∈ δ↑ with x ∈ U and U /∈ ρ(A). ∀y ∈ U , we have
U ∈ ρ(↑y) \ ρ(A). This yields y ∈ g−1(L \ ↓ρ(A)). Thus x ∈ U ⊆ g−1(L \ ↓ρ(A)). It
follows that g−1(L\↓ρ(A)) ∈ δ↑. Next we show that g−1(L\↑ρ(A))= {q ∈ P : ρ(A) ⊆
ρ(↑q)} ∈ δ. If y ∈ g−1(L \ ↑ρ(A)), then ∃(A,W) ∈A× δ↑ with W ∈ ρ(A) and y /∈W .
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By (A,W) ∈ ρ and the definition of ρ,∃f ∈ CM((P, δ), [0,1]) with f (A) ⊆ {1} and
f (P \W)⊆ {0}. Let V = f−1(( 12 ,1]) and B = f−1([ 14 ,1]). Then (V ,B) ∈ δ↑ × δc↑ and
y ∈ P \B . Define a monotone continuous function ϕ : [0,1]→ [0,1] by
ϕ(z)=
{
0 if 0 x < 12 ,
2x − 1 otherwise. (5)
Let h = ϕ ◦ f : (P, δ)→ [0,1]. Then h is monotone continuous. Clearly, h(A)⊆ {1} and
h(P \ V )⊆ {0}. It follows that AρV . ∀z ∈ P \B , we have V ∈ ρ(A) \ ρ(↑z). This yields
z ∈ g−1(L\↑ρ(A)). Therefore y ∈ P \B ⊆ g−1(L\↑ρ(A)). Thus g−1(L\↑ρ(A)) ∈ δ↓.
It follows that g : (P, δ)→ (L, θ(L)) is continuous.
(iii) ∀U ∈ δ↑ (respectivelyU ∈ δ↓), ∃V ∈ θ(L)↑ (respectively V ∈ θ(L)↓) with g(U)=
V ∩ g(P ).
Case 1. U ∈ δ↑. Let V = L \ ↓⋃y∈P \U g(y). Then V ∈ υ(L) ⊆ θ(L)↑. ∀x ∈ P , if
x ∈ U , then U ∈ g(x) and U /∈ g(y) for all y ∈ P \ U . This yields g(x) ⊆⋃y∈P \U g(y).
Conversely, if g(x) ⊆ ⋃y∈P \U g(y), then x ∈ U . Thus g(U) = {g(u): u ∈ U} = (L \↓⋃y∈P \U g(y))∩ g(P )= V ∩ g(P ).
Case 2. U ∈ δ↓. Let V = L \ ↑ρ(P \ U). Then V ∈ ω(L) ⊆ θ(L)↓. ∀x ∈ P , if
x ∈ U , then by (a) and (c), P \ ↓x ∈ ρ(P \ U) and P \ ↓x /∈ ρ(↑x). It follows that
ρ(P \ U) ⊆ ρ(↑x) = g(x). Conversely, if ρ(P \ U) ⊆ g(x), then x ∈ U . Thus g(U) =
{g(u): u ∈U} = (L \ ↑ρ(P \U)) ∩ g(P )= V ∩ g(P ).
By (i)–(iii) and Remark 4.2, g : (P, δ)→ (L, θ(L)) is a strictly topological embedding.
Since L is completely distributive, by Theorem 1.4 and Lemma 4.3, (L, θ(L)) can
be strictly topologically embedded into a cube [0,1]X. Thus (P, δ) can be strictly
topologically embedded into a cube [0,1]X.
(2) ⇒ (3): Trivial.
(3) ⇒ (1): By Proposition 3.4 and Proposition 4.4. ✷
When the partial order is the discrete order, we get the usual embedding theorem of
Tychonoff. Our proof here is quite different from the classical one.
Corollary 4.6 (Tychonoff Embedding Theorem). For a topological space (X,T ), the
following conditions are equivalent:
(1) (X,T ) is completely regular;
(2) (X,T ) can be topologically embedded into a cube [0,1]X;
(3) (X,T ) can be topologically embedded into a compact T2 space.
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